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New asymptotic expansions are given for the g-gamma function, the g-exponen-
tial functions, and for the Hahn—Exton g¢-Bessel function. For the theta functions,
four expansions are given. And for the Hahn—-Exton g-Bessel difference equation, a
new solution is given, which forms with the Hahn-Exton ¢-Bessel function a
numerically satisfactory pair of solutions.  © 1994 Academic Press, Inc.

1. INTRODUCTION

In this paper we give new asymptotic expansions for the g-gamma func-
tion I,(x), for the g-exponential functions e ,(x) and E (x), and for the
Hahn-Exton g-Bessel function J,(x, g). These functions are g-analogues of
the classical functions and have been studied in many places in the
literature. For a recent introduction to g-hypergeometric functions see
Gasper and Rahman [3]. However, the asymptotic properties for these
functions, as |x| — oo, have not been studied extensively. This may be due
to the fact that these functions do not have nice integral representations,
and are not solutions of linear differential equations.

For obtaining the asymptotic expansions of I',(x), in Section 2, and of
e,(x) and E,(x), in Section 3, for x — co, we use the Abel-Plana formula.

THEOREM 1.1. Let f(t) be holomorphic in n< Re t<m, n,meZ, and
suppose that f(t)=o(e*'"™ ") as Imt— + oo, uniformly with respect to
Re te[n, m], then

> 1=

j=n !

m 1 1
S0 di+3 fn)+3 fm)

= fla+iy)—flm+iy)— f(n—iy) + f(m—iy)

+i
0 eZﬂ:y_l

dy, (1.1)

where Z is the set of integers.
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For a proof of this theorem see Olver [11, p. 290]. At the end of
Section 3 we use the expansions of e (x) and E,(x) for obtaining certain
expansions for the theta functions &,, 9,, 35, and 9,.

In Section 4 the asymptotic expansion of J,(x, ¢), for x — 0, is obtained
with a symmetry relation for the g-hypergeometric function ,®,. We show
how this expansion can be obtained from the Hahn-Exton ¢-Bessel dif-
ference equation. For this second-order linear difference equation we find
another solution, which forms with J,(x, ¢) a numerically satisfactory pair
of solutions.

2. AsYMPTOTIC EXPANSIONS FOR THE g-GAaMMA FUNCTION

2.1. The g-gamma function. Jackson [5] defined a g-analogue of the
gamma function by writing

(0:9)

1_' =
) (9% 9)

(I=g)'™%  lgl<1, (2.1)

where the product (a;q)oo is defined by (a;q),=T17_, (1 —aqg”), aeC,
and (a; ¢9),=(a; q)./(aq"; )., ve C. Thus for n a positive integer we have
(a;9),=(1—a)(1—agq)---(1—ag"" ") and

[n+1)= 11 <11__q:>‘ (2.2)

The factor (1 —g“)/(1—q) is called the basic number of a, and ¢ is called
the base. Tt follows from lim,_, ,(1—-¢“)/(1—¢q)=a that I')(n+1) is a
generalization of I'(n+1). In [3] a simple proof is given for
lim,,, I",(x)=I'(x). For a rigorous justification of that formal proof, see
Koornwinder [6]. And Askey [1] investigated thoroughly the g-gamma
function as a function of both x and g¢.

2.2. A simple asymptotic expansion for fixed g. The g-binomial theorem
(see [3]) reads

(ay; q i aq), "

ly| <L (2.3)
(759 o (g5 9),

By taking a=0 and y=g¢~, in [1] the expansion

r2)=(gq). (1-g)'" Y ——, (2.4)
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is obtained, which converges very fast for large positive z and O<¢g <1
fixed. But this simple expansion does not converge to Stirling’s formula
asgt1l.

2.3. An asymptotic expansion which is valid for ¢7 1. In this section we
take Re z> 0. The asymptotic expansion for In I'(z) reads

- l ) — _!'_ - BZ” ~1=2n
1nF(z)~<4—2> In(z) z+2ln(2n)+ Y a1 (2.5)

n=1

|z| = oo, |arg z| < — §, where B,, are the Bernoulli numbers. To derive an
asymptotic expansion of the g-gamma function, we use the Abel-Plana
formula with f(¢)=1In(1—¢**"), n=0, m = co. Then from (2.1) we derive

z 1 w 1 1 q: e 1_q1+iy dy
InI,(z)= jln(l_ >d _Zm(l—q>+lL m(l_qhw>£m_1
] 0 l_qz+iy dy
wlL m<1—qu>éw—1' (26)

Expression (2.6) holds for Re z >0, and it is a g-analogue of Binet’s second
expression for In I'(z) (see Whittaker and Watson [13, p. 251]). The
function

*Inl—1) , x x2 X3
L) =~ [ ( ) 41 PN - R %)

is the dilogarithm function (see Lewin [8]). Using this, the first integral
can be expressed as

len(l—qw) dW=zln<1-q> Li,(1 —g%) — Liy(1 —g)
1

l1—gq 1—gq In g
- 1—¢\, & =—g)Y—-(1-9g)f
--zln(l )+z=: i g . (28)
Thus
. 1—q”
lim| In dw=zln(z)—z+ 1. (2.9)
q119q 1-

The second integral in (2.6) does not depend on z, and it converges to

[ 1+iy dy 1
—7 = 1In(2n)—1 210
’L m(l—@)éw—l p =1, (210)
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as ¢11. In (2.10) we used Gradshteyn and Ryzhik [4, formula 4.5527. The
final term in (2.6) can be expanded in an analogue of the infinite series
in (2.5):

e 1_qz+iy dy

Y (g~ " —cos(yIn g)) (g7 —cos(ylng))
- ljo ln[( sin(y In ¢) +1>/< sin(yIn g) Iﬂ

dy
e — 1

_x i 2(—1)'" (2m~1)zj®< sin(y In q) e ’dy , (2.11)
2m—1 o \1—g"cos(ylngq) e —1

X

m=1

where * holds for |(g " —cos(ylng))/sin(ylng)>1, thus for
Rez> —1In2/Ing. This series converges termwise to the final term of
(2.5), as ¢11. Hence, we claim that the g-analogue of (2.5) is the
convergent expansion

I\, [1—¢"\ Liy(1—g")—Liy(1—
lnFq(Z)=<z—~§>ln<l_(f]>+ i ql)nql-( 9
(= (L=t dy
+l£) ln(l_ql-—iy> eZny__l
& 2(=1)" s [F sin(ylng) \*""! dy
+ 21 2m—1 9 Jo 1 —¢g°cos(ylnq) X1
(2.12)

Expansion (2.12) holds for Rez> —11n2/Ing, and it is an asymptotic
expansion for |arg z| <m/2— 3. The 1ntegrals in the infinite series of (2.12)
can be viewed as analogues of the Bernoulli numbers in (2.5). It seems it
is not possible to express these integrals in terms of known special func-
tions. For obtaining an expansion of these integrals we write

® sin(yIn q) >2'""1 dy
= —_— —_— B!
Frlw, q) .[0 (1~—wcos(y1nq) e —1 (213)

It is not difficult to prove that this function satisfies

2

2m(2m-—1)Fm+1(w,q)=li( )dd2—|—4mw

dd +2m(2m — 1)] F,(w, q).

(2.14)
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The substitution of the Taylor expansion F,.(w, g)=2>.7_, c(n, m)w" into
(2.14) leads to

© sin(y ln q) 2m— 1 dy [=3] m
| (=rensa) =z cemes (1)

n=0

where the coefficients have the recursion relation

__(n+2m—1)(n+2m) (n+1)(n+2)
cnmt )= 1) M a1 2 m),
(2.16)
m=1, 2, ... The initial values are
= sin(y In g)(cos(y In
cn 1) = f (y qz)m (ly q))
— [n/2] n+1-2k
() [ e
2"+ 2o \\k k—1 1—g¢q “ (n+1-2k)Ing
(2.17)

In * we first expanded sin(x) cos”(x) as a sum of sin(kx), and then we used
[4, formula 3.911.2]. And we have chosen ( ”,)=0.

Remark 1. Observe that the asymptotic expansion (2.12) converges
termwise to the well-known expansion (2.5) as ¢ T 1. The asymptotic expan-
sions derived in the following sections, for the g-exponential functions and
for the Hahn-Exton g-Bessel functions, do not share this property.

Remark 2. With the Euler—Maclaurin formula (see [11, p. 285]) the
following g-analogue of (2.5) is obtained in Moak [10]:

In F,,(z)~<z—-;-> In <1 ‘qz) +EL= D) a1 g) 4 nig: ).,

l—gq In g
71'2 d 32 lnq 2n—1
B ) P : 2.18
6lnq+n§1(2ﬂ)l<qz—1) 4 Pa,3(q%), (2.18)

as z — co, where P, is a polynomial of degree n satisfying
P(z)=(z—=2")P,_(z)+(nz+ 1) P,_,(z), Py=1, n=1. (2.19)

In [10] it is proven that the coefficients of P,(z) are all positive, and
P, (1)=(n+1)!. Although the series converges termwise to (2.5) as ¢ 11, it
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seems that the expansion does not have an asymptotic property as - — oo,
because

_&_(lnq -1 & ) By, s Ing \*' . ,
(2n)!'\g"—1 4 a5l (2n+2) \g —1 g°Py, 1(q7)

N B,, 2n+1)(2n+2)
Byyia lnzq

, (2.20)

as z — o0. Hence, successive terms of the series in (2.18) are not of lower
order, as z — oo, and ¢ and »n are fixed.

3. ASYMPTOTIC EXPANSIONS FOR THE ¢-EXPONENTIAL FUNCTIONS

3.1. The g-exponential functions. In this section we take 0 <g < 1. The
g-analogue e (z) of the exponential function is defined by

e, (z)= L L . 3.1
¢ (Z;q)\x n:()(q; q)n/- ’ ( ’ )

where * follows from the g-binomial theorem (2.3), with a = 0; it holds for
|z| < 1. Another g-analogue of the exponential function is defined by

« q(’z’)
E(z)=(-z4), =" 2", 3.2)
? nz0 (g5 9)n (
and, again, * follows from the g¢-binomial theorem (2.3), with y= —z/a

and letting a — oo; it holds for all ze C. Now the g 11 limits read

lime,((1—g)z)=e¢, lmE,(1—g)z)=¢". (3.3)
qt1 q11

Note that e (z) E (—z)=1.

In the next subsections we derive asymptotic representations of e,(z) and
E,(z) as z— 0. As becomes clear these expansions do not converge to
known representations of e,(z) and E,(z) as ¢T1. This is due to the fact
that the ¢ 71 limits require arguments (1 —¢)z, as shown in (3.3).

3.2. An asymptotic expansion for E,(z). In the following analysis we
suppose that z> 1. For obtaining an asymptotic expansion for In E (z), we
use the Abel-Plana formula (1.1), with n =0, m = co, and f(¢) =In(1 + zq").
This function has singularities (branch points) at = —Inz/lng—
(2p + 1) mif/lng, peZ, and these singularities give an extra term in the
Abel-Plana formula. We obtain
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In@) i
Q+ “in@) " Ina)

_nig) i Q
in(@) ~ In(q)

’ @) | i N % %
in@) " n{a)
In(z) 3
Q. T @ " n(
Fic. 3.1

The contours of integration of (3.5) and (3.10).
@
In E,( Z (1+2zq")

oo 1
=j In(1 +2¢) di+ 3 In(1 + 2)
0

(™ 1+ zg” dy
1 . Fi 34

with

In(1+z In(1+z
F(Z’ q) = J;? —-2?:1[ d f (271'11 q t’ (3‘5)

where the contours of integration look like those in Fig. 3.1
The first integral in (3.4) can be expanded as

oo 1
f In(1 + 2¢*) dt = —— Liy( —2)
0 lnq

. Lt —z) 7k
= lnq[6n +21n z)-I—Z 2 ], (3.6)
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yvhere Li,(z) is defined in (2.7), and = is proved in [8, p. 4]. The second
integral can be expanded as follows:

iroln L+24" dy
0 14z %)™ —1

0 iy iy
P q ] d
o () (142 2]

1 & (—z) % ;= sin(kyln q)
—_% —
=" —plhe—2 z f

k o -1

dy

1 1+q 1
121nq+z [ ]

2k 1— kzlnq

e gl § 59 L (1))

“In
_ + 4
In (m‘l( Z> 3.7)

In * we used [ (ydy/(e*™ —1))=5B, =73, in =x we used [4, formula
3.911.27, and in *** we used

1 = (_Z)~k1+qk 1 = (—Z)‘k 5] (_z)—k qk
P e B M DV
1 1 =} o ("‘Z) kqu
=—=In(1+-
2 n( +Z)+m2=:1kz=:1 k

Il
|
| o=
5
TN
—
+
N | o=
N~
|
3
1 D18
5
TN
y
+
Y
S
——

1 1 q.
—Eln(1+z>—ln<—;,q>w. (3.8)

The infinite series in (3.6) and (3.7) are defined for z> 1. It is not difficult
to show that the function F(z, g) satisfies

F(zq, q)=F(z, q)- (3.9)

We call functions with this property g-periodic functions. The function
F(z, q) has the Fourier series
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-4 In(1 +e %)
Fe o=t DQ exp((— 2n/In g)(2x — ilnz)) — 1 dx]

— 1 4mk
= E% k§1 Im [exp ( —2mik ﬁg) J.Q In(cos x) exp (E?; x) dx]

) — ik ;
_#* 2 Y Im [exp( 2rik(In z/In q))f sin x exp (ﬂ x) dx}
k=1 (2]

2nk COs X Ing
= exp(—2nik(In z/In q)) & 2%k (2m + 1
2 3mSR Y e ()
= m=0 q

=)

_ Z cos(27k(In z/In q))
k sinh(2nk/In q) °

(3.10)

where the contour of integration 2 looks like the contour Q in Fig. 3.1. In
* we used (3.5) with the substitution = (F2ix —In z)/In ¢, and in *x we
integrated by parts. Thus for z>1 and 0<g<1 we have obtained the
convergent expansion

E(2)=(-29)

_ e [lln ! 1n2+1 In? L In
= —lnz——{( - —In*z)——
(—4/z0)s 7|2 Ing\6 2 n

i cos(2nk(In z/In q))
<=, ksinh(2n*k/In q)

(3.11)

It is not difficult to prove that (3.11) holds for |arg z| <=, and that the
arg z 1 = limit of the right-hand side of (3.11) is the same as the argz | —=
limit. For large |z| the dominant part of (3.11) is exp(—3In?z/ln g). The
factor 1/(—g/z;q), has the asymptotic expansion > °° , (—q/z)"/(q; 9),.
|z| > ¢, see (3.1). The infinite Fourier series, (3.10), is a fast converging
series for |arg z| < — 4§, with 6 >0 fixed. As remarked earlier, (3.11) does
not converge as g7 1.

3.3. An asymptotic expansion for e (z). Taking z> 0 and replacing z in
(3.11) by ™z or by ez, and using the Fourier series

[=e] 4 k ]

5 sm§< y)zf(n_y)’

/:1 ; 0< y<2nm, (3.12)
5 SI(C ) _ —%1n(2(1——cos ),
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we obtain for z>0

1

! =1Zz; )oo
e5) (z:9
sin(n(In z/In ¢)) |:1 1 1 1 1
=2 =7 —lnz——| ——n?+~=1ln?z | ——
TR exp 3 n o ( 37 +21n > 12lnq

N Inz 273k 2n%k
2nk — k si . .
+k§=:1 (COS( i lnq)exP(lnq>/ Smh(lnq))} (3.13)

It is not difficult to prove that (3.13) holds for |arg z| < 2=, and that the
arg z12n limit of the right-hand side of (3.13) is the same as the
arg z | —2n limit. Again, for large |z| the dominant part of (3.13) is
exp(—31n?z/In g). The factor 1/(q/z;q), has the asymptotic expansion
> 0(9/2)"/(g; q),, |z| >q. The infinite Fourier series is a fast converging
series for |arg z| <27 — 4, with 0 > 0 fixed. Again, (3.13) does not converge
as gl

3.4. Certain expansions for theta functions. In the previous subsections
we have obtained expansions for the infinite products (z; ¢) . (g/z; ) and
(—z;9)e (—q/z; q)on- In this subsection we use these expansions for
obtaining certain expansions for the theta functions. The theta functions
have the well-known representation

9 (—ilnz,g)=i 5 (—1)"qlCn-1rzn-1

\ n= -~

PRV YIEIe 2. 2 .,
=24 (659w (259w | 5597 ) >

Yy(—ilnz, g)= Y g1t

n= —w

. (3.14)
1 q
é;q”“(qz; 7)o (—2% 90 (—;3; q2> ,
; < n n 2 2 q.
85(—ilnz )= ¥ ¢ 2% ¢ (—2°¢ 47 (—;5,612) :
| - . wom q .
(—ilnz, )= Y (=1)"¢"z" % (g% %) (24 4%) (;5,42> ,

where * follows from Jacobi’s triple product identity, see [3]. Using (3.11)
and (3.13), we obtain for 0 < g <1 the expansions
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. L2 . Inz 1, 5
(—ilnz, q)=i(g’ q° ), 2sin nil—;q— exp ———:] " +In’z

1 i Inz
- Yk ——
+121nq+k§=1<cos<n I >

r(Bom(@)] o

1 /1 ,
9,(—ilnz, q)=(q% ¢°) eXp [ — <— 72 +1n? z)

Ing \12
1 & cos(2nk(In z/In q)):l
1 , 3.15.b
+tpng +,§1 k sinh(7°k/In q) (3.15:5)
95(—ilnz, q) = (g% q*) exp ——1—<in2+ln22>
3 -4 *q Joo Ing\12
1 © cos(2nk(In z/In q))]
— —1)* 3.15.
et 2 O kg | O

Inz 1 1
3 — 2. 2 i I R 12
34(—=ilnz, q)=(q%¢q )wZCOS(nln()exp[ lnq( 67r +1In z>

1 < B In z
+1—2—1nq+k§1 (—1) (cos (anln q)

X exp (ﬁj’;)/k sinh (%))} (3.15.d)

Expansions (3.15.a) and (3.15.d) hold for |argz| <=, and the expansions
(3.15.b) and (3.15.c) hold for |arg z| < m/2. These four expansions can be
used for numerical computations of the theta functions. A direct proof for
these expansions uses Jacobi’s transformation for theta functions. For
&(z, q) Jacobi’s transformation reads

s 11122 In z TC2
B _ ~ nz (). @i
d(—ilnz, q) z\/jln—lep< lnq>91(n1nq,exp <1nq>> (3.16)

Now use Jacobi’s triple product identity for the theta function on the
right-hand side of (3.16), and some simple manipulations lead to the first
expansion of (3.15).

Remark. The results in this section overlap with the results in
Littlewood [9]. Our result (3.11) is similar to [9, (2), p. 395], but the
proof of (3.11) is new, and it can be used for other infinite products. In [9]
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a complete asymptotic expansion for (—z; ¢). is given, as |z| — oo, which
is valid for O < |g| < 1. For a correct version of this complete asymptotic
expansion see Chen er al. [2], where a result similar to (3.11) is proven
also. Our result (3.15.b) is similar to [9, (5), p. 400].

4. ASYMPTOTIC EXPANSIONS FOR THE HAHN-EXTON ¢-BESSEL FUNCTION

4.1. The Hahn-Exton gq-Bessel function. This function has been
thoroughly investigated by Swarttouw [12]. In this section we take
0<lql<1l. The definition of this function is in terms of the
g-hypergeometric , @, function. Let

0
2,

then the definition of the Hahn—Exton g-Bessel function J,(x, ¢?) reads

PR k
q’“>_k§0 (W3 q)s (q;q)k(-z)’ zeG, *1

G4 0o |,
J(x, ¢*)=x" """, , | 4% xX*q?
1 @), gz
v+2. .2 © 2(15)
=x‘.(q 39 ) oo z q (—x2g%), xeC.

2v+2.

(459w o (@5 @) (0% 4%
(4.2)

This function has many nice properties, which are analogues of properties
of the Bessel function J,(x). We have taken ¢” as the base, to make the
notations easier. In [12] it is shown that a g-extension of Bessel’s equation
is the Hahn—Exton g-difference equation

F(x)+ g7 (x> —1—¢*) f(xq) + f(xg*) =0, (4.3)

of which f(x)=J,(x, ¢*) is a solution. A second solution is J _,(xg ", q%).
The Hahn-Exton g-Bessel function has the following ¢ 11 limit:

lim J,(x(1 —g), g*) = J,(x). (44)

qT1

42. An asymptotic expansion for J,(x,q*). In Koornwinder and
Swarttouw [7] it is proven that the symmetry relation

0
(W; ) 194 (
w

0
q,2)=(2§‘1)w1‘p1<z ‘I>W)’ w,zeC, (43)
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holds. Thus with (4.2) we obtain

L (xX%q% 6%, 0|, o
v(xsq ) )C (qg 2) 1¢l 2.2 q‘-’ q2 2
*® k
(0% 4% & 7 2y
=x" - = (=g "2, xeC.
7% 9% kzo g5 g (g5 g 1
(4.6)

The factor (x?¢%¢%),, is the function 1/e.(x?q?), for which we have
derived an expansion in (3.13). The infinite series in (4.6) converges fast for
large x. And from (x%¢% ¢%)/(x°q% ¢*)k+1= (1 —x3¢**2)~ ! it follows
that this series has an asymptotic property for x — co. The poles of
1/(x q q 2)e at x=g"", me{l 2,. ., k}, are removed by the zeros of
(x*¢%; ¢*)... Note that (4.6) is also an asymptotic expansion for v — co.

43. A derivation of the asymptotic expansion from the Hahn—Exton
g-difference equation. The following method for obtaining asymptotic
expansions for solutions of the difference equation (4.3) is inspired by the
formal solutions substitution method (see [11, Chap. 7]) for obtaining
asymptotic expansions for solutions of differential equations with irregular
singularities. For obtaining a g-exponential part of a formal solution of
(4.3), we first solve the equation h(x)= (¢~ *—x?q¢> ") h(xq), A€ C, which
we call a reduced equation of (4.3). The simplest non-trivial solution of this

reduced equation is x*(x?¢>~'*% ¢*),. This observation leads to the
following representation of a solution of (4.3):
[x) = x4 x4 %), galx),  AeC (4.7)

Substituting (4.7) in (4.3), we obtain for g,(x) the following g-difference
equation:

R s
(%) — gx(xq) + —-q;%zt—i) g:(xq)
qzz
+(1__ 2.2 — v+).)(1 4 ‘+,«_)g)(-xq )=0 (48)

Substituting the formal expansion

I (4.9)
n (4.8) and using

1 l—q“ q
— = _ + . . (4.10)
(¢ 5 %) (P @ (PR %)
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we obtain

2
q A—v
= aa g )a,
(4.11)
2k
————q 2- A - v y
ak:l_q2k [(q— Zk_.q'(q +q))ak7.|+q2.ak“2]’ k=2’3’

al=1

We write

2k

q

ak=
% )

” %, (4.12)

and with (4.11) we obtain that «;, = (1 —g*(g " +¢"))o, and
U1 = — (g4 g+ @) +¢* " g* — Doy ], k=12, ..
(4.13)

By induction with respect to k it is easy to prove that
lote | < (=M g1y laol < (=M 1q1?) laqls (4.14)

where M = |g|™*~*(|g] ~™ +|q|™) + 2 |¢| ¥~ *. With (4.13) it follows that
{o4}r=0.12. is a bounded Cauchy sequence. Thus there is a constant
C, € C such that a,q ** converges to C; as k — co. It follows that for all
A€ C the expansion (4.9) converges.

Substituting
M= 3 & (4.15)
g = I S Er s T :
‘ Ko (P P,
into the left-hand side of the g-difference equation (4.8), we obtain
1—-g%g™" +¢")
g7 (x)— g% (xq) +—1—_x2—qz_v_+r g5 (xq)
qZ/I
N 2
+ (] __x?_qz——v-i—}t)(l __x2q4—v+}.) gl(xq )
(g >V =1)ay,, q*ay
= - + — . (4.16)
(%> P )ve (¢ )N

Thus the right-hand side of (4.16) converges to zero only when C,=0.
Hence, only for those 4, with C,=0, the expansion (4.9) is a solution of
the g-difference equation (4.8). The case that 1= £ v is one of the simplest
cases with C,=0. Another example with C;=01is A= +v—2.
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We obtain the two solutions f, ,(x) of (4.3), and it is easy to show that
with the appropriate a,, we have fv(x) =J,(x,¢*) and f_,(x)=
J_(xq7" ¢*).

4.4. Other solutions of the Hahn-Exton g-difference equation. In this
subsection we start with the reduced equation h(xq)= (¢ *— x?g ") h(x),
AeC. The simplest non-trivial solution of this reduced equation is the

product x~*/(x?¢*"; ¢*),.. Our second formal solution is written in the
form

—A

J(x) =m &:(x). (4.17)

With the method of the previous subsection, we obtain two new solutions
of (4.3). The first new solution is

(61 q°) g
JPAx, g*)=x"" E ~ ==
(x%4%) ockzo (X472 97 (4% 4%k
(@)
(x% 4% 1Py

=X

q% x“’qz"“) xeC, (4.18)

and the second new solution is J ) (xq ", ¢?).

The solution J,(x, ¢*) of (4.3) has the asymptotic behaviour J,(x, g*) ~
x'(x%¢% %) /(g% ¢%)» as |x| — oo, and the solution J)(x, ¢*) has the
asymptotic behaviour J2)(x, g*) ~x"(g% ¢%)o /(X% g% 8 |X| = 0.
With this behaviour for large |x|, and with the theory of the next subsec-
tions, it follows that J,(x, ¢*) and J ¥ (x, ¢*) form a numerically satisfactory
pair of solutions (see [11, §5.7] for an extensive treatment of this concept)
of (4.3). Again, note that (4.18) is also an asymptotic expansion for v — co.

4.5. Second-order linear g-difference equations. A general second-order
linear g-difference equation is of the form

a(x, ) f(x) +b(x, q) f(xq) + c(x, q) f(xq*)=0. (4.19)

We take as the ¢g-Wronskian

W (f1(x), fo(x)) = fi(xq) f2(x) = fi(x) fa(xq), (4.20)

which is a slightly different g-Wronskian than the ¢g-Wronskian introduced
in [12]. It is not difficult to show that W /x(1 —g) tends to the ordinary
Wronskian if ¢11. Let f; and f, be solutions of (4.19), such that
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W, (fi(x), f5(x)) is not identically zero. Then it follows that any solution
(4.19

f(x) of (4.19) can be written as f(x)=p,(x) fi(x)+ p(x) f2(x), with
W (f(x), fo(x)) W, (fi(x), f(x))

1 TP YN YR d 2 =T o o
R AT E W AEs B A ATAEI WA ey

which are g-periodic functions, that is, p;(xq) = p;(x).
Note that for two solutions f, f, of (4.19) we have W, (f(x), fo(x)) =

c(x, g)falx, g) W,(f1(xq), fo(xq)). Thus x— W (fi(x), f>(x)) is g-periodic,
if and only if a(x, ¢) = c(x, g).

4.6. The Wronskians of the solutions of the Hahn-Exton gq-difference
equation. With the last remark of the previous subsection it follows that
for two solutions f;, f, of the Hahn-Exton g-difference equation (4.3),
the Wronskian w(x)= W, (fi(x), f(x)) is g-periodic. Hence, w(x)=
lim, _, ., w(xg**), and we can compute the Wronskian from the expansions
of fi(x) and f5(x) at x=0 or at x=co0. In [12] the Wronskian

¢’ -4%

W6 ¢7), T (xq % ) = = p s

(4.21)

is obtained. Thus for v an integer, the Wronskian is identically zero. In
[12] a g-analogue of the Bessel function Y,(x) is introduced, which is a
solution of (4.3). It is defined by

Tp(v) Cp(1—v)g" Y
Lp(1/2=v) T p(1/2+v)
L) Fp(1—v)

Y,(x,q%) =

J.(x, g%)

v og? 422
T a(1/2) T (1/2) —xq g0, (422)
and it has the limit relation
lim Yv(x(l '_q)a q2)= Yv(x)' (4'23)
qT1
The Wronskians
viv—1) 2
2 2y 4 (=)
W, (J.(x, q%), Y.(x, %)) T o12) T a12)
W, (J(x, ¢*), JP(x, ¢*)=—q " (4.24)

WolJ _(xq ™" ¢*), T 2xq ™", 4°)) = — 4",
are not identically zero, for all ve C. But

W, (JP(x, ¢°), TP (xq ", ¢%)) =0, (4.25)
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which follows from

2 ~2 2v+ 2,

"q)OC)(x 7q)00
(%% (x7°¢% 4w

qu;’)(x, qz) _ qv2x_ 2y (X qk
TR0 )

. (4.26)

which is ¢g-periodic, and which can be obtained by using (4.5) in (4.18).

4.7. A representation for J*(x, q*) in terms of the functions J,(x, ¢*) and
Y,(x,¢*). In this subsection we find the unique g-periodic functions
a(x, g) and b(x, ¢q) such that

JP(x, ¢*)=a(x, q) J,(x, ¢*) + b(x, q) Y,(x, ¢°). (4.27)

We substitute (4.27) in the second equation of (4.24), and we obtain
2

_q_“ —_q v ) —1-
b(x, q)= W05 ) Yax g N 1—7° r, (2) (4.28)

To obtain a representation for a(x, g) we substitute (4.27) and representa-
tion (4.22) in a(x, q)=W,(JP(x, q*), Y,(x, ¢*))/W,(J.(x, ¢°), Y(x, ¢°))
and we use (4.26). We obtain
g’ Tp(v) (1 —v) I'2(1/2)
1—q* Tp(1/2—v) T p(1/24)
q2vx-—2v (X q~2v’q ) (x—2 2v+2 2)

1—¢* (x%¢Y) e (x7%¢% g )

a(x, q)=

2 [ a(v) T a(1—v). (4.29)

With representation (4.27) and some hard analysis it can be proven that in
contrast to (4.4) and (4.8) the function J{*(x(1 — g), ¢°) does not converge
asgtl.
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